TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 184, October 1973

A FREE BOUNDARY PROBLEM CONNECTED WITH THE OPTIMAL
STOPPING PROBLEM FOR DIFFUSION PROCESSES
BY
DANIEL B. KOTLOW

ABSTRACT. This paper deals with a free boundary problem for a parabolic
equation in one space variable which arises from the problem of selecting an
optimal stopping strategy for the diffusion process connected with the equation.
It is shown that a solution of the free boundary problem yields the solution of
a minimum problem concerning supersolutions of the parabolic equation as well
as the solution of the optimal stopping problem:« Theorems regarding the exise
tence, uniqueness, regularity, and approach to the steady state of solutions of
the free boundary problem are established.

1. Introduction. Let
9?2 Jd
LO = a(x);;; + b(x)é; + c(x),

where a, b, ¢ € C2+*([0, =)) for some a € (0, 1), a(x) > ay,>0 (0< x< o), clx)
<0 (0< x< ), and let L be the parabolic operator L = L, - 9/d. Let ¢ €
c3([0, =)) be a given real-valued function such that, for some d> 0,

<0 (d<x<o).

In this paper, we treat the following
Free boundary problem. Determine a curve x = s(¢) (0< ¢ < =) such that
s(¢) > 0, together with a solution z of the parabolic equation

(1.2) ‘ Lu=0
in the (unknown) region C defined by

C=1{(x, 9; 0<x<s(), 0<¢< oo},
which satisfies the conditions

(1.3) dx, D> ¥x), (5 0 €C,
(1.4) A0, 9 =Y(0), 0<¢<o,
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.s) ux, 0)= Y(x), 0<x<s0),
(1.6) ds(dy 0 =y(s(d))y, 0<t<oo,
1.7) Wu/ox(s(d), ) =¢'(())y, 0< <o

Condition (1.3) will determine the value of s(0); then the extra boundary condi-
tion will serve to determine uniquely the entire unknown portion of the boundary
of C.

Our free boundary problem arises in connection with the following optimization
problem in the theory of stochastic processes. Let X(t) (¢ < 0) be a diffusion
process on the nonnegative real axis with absorption at x = 0 and stopping at
t = 0. Suppose the Dynkin generator of this process agrees on (0, ) with the
differential operator L on smooth functions. Let M be the set of all Markov
times (stopping times) m for this process. We wish to evaluate the function

Az, D= sup Ey_,_ (X))

meM

and to find a Markov time 'ﬁzou € M such that

By (e e WOGE D) = o, 0.

If we think of the elements of M as stopping strategies, the problem is to find

a strategy which will maximize the expected value of the payoff function ¢ at

the point of stopping, independently of the starting condition X(-¢)=x (0< ¢< ).

A strategy 7”01; which does this is called an optimal stopping time. It turns out

that if we solve the free boundary problem (1.2)—(1.7) and set

1.8 2 Do {u(x, D if(x 0 e S,
W) if(x,)el-C,

where Q = (0, =) x (0, ), then v =2 and we may choose
= infls; (X(), =) 7 Cl.

Le., the optimal strategy is to continue as long as the graph of position vs. time
remaining lies in the continuation region C and to stop as soon as it leaves this
region. The simple form of the optimal strategy is a consequence of the assump-
tion (1.1) on the form of the payoff function, which has the interpretation that it
pays to continue on a purely local basis when the sample path is in (0, d) but

it costs on a local basis when the sample path is in (d, «). This interpretation

may be read off from Dynkin’s formula
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E (Y(XGE) = ¢(x) + E_ < f ™ (L )X(D) dt)
0

by setting
m =08 Ninflg; |X()) - x| >8} for small 5> 0,

The connection between optimal stopping and free boundary problems was
noticed by Chernoff [1] and McKean [13], among others, in special cases, and was
explored in detail by Grigelionis and §irjaev [9] for general homogeneous Markov
processes. We refer the reader to the survey papers of Chernoff [2] and Grigelionis
[8] for an overview of the subject of optimal stopping problems and for a more ex-
tensive bibliography. The basic facts about optimal stopping may be found in
Dynkin [3], [4] and Dynkin and JuSkevic [5]. A number of free boundary problems
which are similar to (1.2)—~(1.7) have been treated by Ventcel’ [19], Thi [18],
Kruzhkov [12] and Sackett [15]. Kolodner [11], McKean [13] and Sherman [17] have
reduced free boundary problems of optimal stopping type to nonlinear integral equa-
tions, but these have (so far) proved unamenable to solution. Also, Sackett (16}
has solved numerically a free boundary problem which arises from an optimal stop-
ping problem.

In $2, we assume that we have in hand a solution {s, z} of (1.2)=(1.7) which
has. certain regularity and we establish a number of its properties. The main re-
sult (Theorem 1) is that, if Z is defined by (1.8), then @ is the least of all L-su-
persolutions v on Q such that v > on Q. This leads immediately to a unique-
ness theorem (Theorem 2) for the free boundary problem. Next, we establish the
connection described above between the free boundary problem and the optimal
stopping problem (Theorem 3). Then we solve the steady state analogue of (1.2)—
(1.7) (Theorem 4), which corresponds in the probabilistic interpretation to the case
where the process is started at t=-o0 (i.e., it is allowed to continue indefinitely
until absorption occurs), and we establish the convergence of the solution of
(1.2)=(1.7) to the steady state solution as ¢ — o (Theorem 5). Finally, in $3
we construct the solution of the free boundary problem by an adaptation of the
method of E. Réthe [14]. Here we make the mild technical assumption that

1.9) (L)) < =cyfx - B (x>d

where ¢ is a positive constant and 0< B8 < 1. It turns out that s(¢) is Lip-
schitz for 0< ¢ < o and Hélder continuous on [0, ) with exponent y = (1 + B)~1,
and that #_ and z, are Hélder continuous with exponent y everywhere except
at the origin.

The main tool used below is the boundary point form of the maximum principle:
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if v is continuous and nonnegative in the closure of a domain D which is bounded
below by ¢ = 0 and on the right by a Lipschitz curve x = s(¢), and if Lv < 0 in

D and wv(s(¢,), £,) = O for some ¢y > 0, then v, (s(¢y), 20) < O (cf., e.g., A. Fried-
man, Remarks on the maximum principle for parabolic equations and its applica-
tions, Pacific J. Math. 8 (1958), 201-211). In particular, the optimality theorems
mentioned above follow from an application of this result. We remark here that,
although the usual statements of this result require that D satisfy an “‘interior
sphere condition’” at (s(¢), ¢,), it is a simple matter to achieve this by modify-
ing the situation for ¢ > ¢, without altering v for £ <t as long as s(¢) is Lip-
schitz,

2. Properties of the solution. Let x = s(¢) be a curve defined for 0< ¢< oo
with s(¢)> 0, and let « be a real-valued function defined on the open set

C={(x, ); 0<x<s(), 0< <o}

Definition 1. {s, u} is a solution of (1.2)—(1.7) if
@) s €C”([0, =) for some y € [%, 1) and is Lipschitz continuous for 0<
t < oo,
(i) z € C2*1(C) N C%O).
(iii) 9u/dx is bounded and has a continuous extension to C.
(iv) 024/9x? is bounded and has a continuous extension to C - (0, 0) -
(s(0), 0).
(v) Conditions (1.2)—(1.7) are satisfied.
We begin with a number of simple properties which solutions must satisfy.

Lemma 1. Let {s, u} be a solution of (1.2)~(1.7). Then s(0)=d and s(t) >
d for 0< ¢t < oo,

Proof. First suppose s(0)>d, and choose x, € (4, s(0)). Then

tlin:) g%‘(xo, D= tli_r‘::)(Lou)(xo, ) = Lglxy) <0,
which contradicts (1.3). Hence, s(0)< d.

Now suppose there exists ¢, such that s(¢)) <d. Then there exist ¢, ¢,
such that 0< ¢, <t, and s(t)<d (¢, <t<t,y) Let D=1(x, 1); 0< x<s(e), ¢, <
t<t,}, and define v=u - on D. Then v>0 on D by (1.3) and Lv < 0 by
(1.1) and (1.2). Moreover, v(s(t), ) =0 (¢, <r<¢,) by (1.6). But then we must
have v _(s(¢),£)< 0 (f; <t <¢t,) by the boundary point form of the maximum prin-
ciple and this contradicts (1.7). Hence, s(¢) > d for all ¢ > 0, which proves the
lemma.

Lemma 2. Let {s, ul be a solution of (1.2)~(1.7). Then u,>0 in C, and
s(¢) is nondecreasing.
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Proof. First observe that (1.6) implies that
1, (s(2), Ds'(D + u (D, ) = P ((Ns()

for each ¢ > 0 where s(¢) is differentiable. By (1.7), this implies u,(s(t), )= 0
for almost every ¢ > 0. But then ut(s(t), t) = 0 by (iv) of Definition 1. We also

have #,(0, )= 0 (¢>0) and #,(x, 0)> 0 (0< x < d) by (1.4) and (1.1) respectively.
Furthermore, the derivatives u__, u . 4,
C by an interior regularity theorem of Friedman [6], and hence Lu ,=0in C.

o U, exist and are (Hglder) continuous in
It follows that #, >0 in C by the strong maximum principle.

If s(¢) is not nondecreasing, we can find ¢, such that s‘(¢;) exists and is
< 0. Then (s(¢)), £, ~8) € C for all sufficiently small positive 8. But then

Ws(t) = us(eg), 1o~ 8) = dus(ey), 1, ~ 81> 0

for some &' € (0, 8), and this contradicts (1.3). This completes the proof.

Remark. In view of the monotonicity of s(¢), the proof of Lemma 1 actually
shows that s(t)>d (¢ > 0).

We now characterize the solution as the solution of a minimum problem con-
cerning supersolutions relative to the operator L.

Notation.

Rylxg, t)) =1(x, 0 |x - x| <8, tg-8<e< e},
apRS(xO' to) = {(X, t) GBRS(XO. to); t# to}o

Definition 2. A function v = v(x, t) is an L-supersolution if

(i) v is defined and lower semicontinuous on Q.

(ii) Forany (x, t,) € Q, there exists 8§, > 0 such that Rso(xo, t)C0
and for all & € (0, 8,) we have that v(x,, ¢,) > w(xy, ¢,) whenever w € C2+1(Ry)
nc°(i2'8), Lw=0 in Ry, and v > w on apRs.

Theorem 1. Let {s, u} be a solution of (1.2)~(1.7), and let 7 be defined on
0 by (1.8). Then 2 is the least L-supersolution on 0 which is > on Q.

Proof. We have # > by (1.3), and z is continuous by (1.6). We show that
# is an L-supersolution. If (x,, #,) is in either the continuation region or the
interior of its complement, condition (ii) of Definition 2 is verified for 3, equal
to the distance of (x,, ¢;) from dC U {t = 0} by application of the maximum prin-
ciple. If x, = s(¢y), ;> 0, we choose 8> 0 so small that the closure of
Rso(xo, to) is contained in the open quarter plane x > d, t > 0. Define

Dl,8= RS(XO' tO) N {s(8) > «, D2'3= RS(xO' tO) N {s(s) < «}
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for 8 €(0,8,). Let w be as in condition (ii) of Definition 2, and set v = u - w,
m = infg v. Suppose m <'0. By the maximum principle, v(x, t) #:m for (x, t) €
D, sV Dz,s UapRS. Therefore, there exists a point (s(tl), tl)’ ty-96< ty <t
such that v(s(¢,), £;) = m. By the boundary point form of the maximum principle,

v (s(t)-, 2) <0, v lst)+,2)>0.

But this contradicts (1.7) and the differentiability of w. Hence m > 0, which
verifies condition (ii) of Definition 2.

Now let w be another L-supersolution such that w > ¢ in 0. Set v=w -u
and, forany T >0, let m . = ianTv, where Q. = [0, ) x (0, T]. Assume mp. <
0. Since v >0 outside C and v is lower semicontinuous, the set S, ={(x, ¢) €
Ors v(x, £)=m.} is a nonvoid closed set lying in C. Hence, there exists a point
(xo. to) € Sy such that ;>0 and (x, t) ¢ Spif 1<ty If 8 > 0 is sufficiently
small, we have Rg(x(, t0)C C. Let % be the solution of the first initial-boundary
value problem
~

LZ =0 in Ry(xq. 20)s =u+m; on HpRs(xo, 1o

Since d,R5C C - S, we have w > on d,Rs, and hence wlxg, t9) > ¥(xg, tg)
if & is sufficiently small since w is an L-supersolution. But 2 >u + m in Rj
by the strong maximum principle since

L(Z’—u-mT)=—C(x)mTSO in Ry ’;—u—mT=0 on d,Rs

Therefore, v(xy, 3) > mp, which contradicts our choice of the point (xy, ¢().
Hence, m,. >0 and w > @ in QT’ Therefore, w > % in Q.

Theorem 2 (Uniqueness). Let {s,, u,} and {s,, u,} be two solutions of
(1.2)~(1.7). Then sy =5, and uy =u,

Proof. Let C,, C, be the continuation regions defined by s,, s, respectively,
and let 7; (i=1, 2) be defined as in (1.8). Then u, = u, by Theorem 1. Suppose
5,(6) < s,(t) for some ¢ Then there is an open set DC C, N (Q - C,) in which
we have

0=Lu,=Lu,=Lu =Ly

But this contradicts (1.1). Hence, s, =s, and u| = u,.
We now establish the connection between the free boundary problem and the
optimal stopping problem, which was described in S1.

Theorem 3. Let {s, u} be a solution of (1.2)~(1.7), and let u be defined as
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in (1.8). Let
ux, 1) = sup Ex(_‘)=x(l/J(X(75)))

meM

and

7o = inflt; (X(d), -) ¢ Cl.

Then
dx, ) = lx, 0= By, (W(XFE D)
forall (x, t) € Q.

Proof. Since ilx, £)= Ey (_ (l/I(X('rhopt))), we certainly have 2< v on Q.

t)=x
The problem is to prove the reverse inequality.

If ¢ €Cy(Q) and L™ is the formal adjoint of L, then

IQ al*¢ = fc uL*} + fQ_C yL*$
- Jo Wi+ [ wpg= [ 1-xLn

where X is the characteristic function of C, for the boundary terms generated
by the integrations by parts cancel by virtue of (1.6) and (1.7). Hence, Lz =

(1 - x LY in Q in the distribution sense. By Duhamel’s principle, # may then
be represented in the form

wlx, 1) = ul(x, D+ f; wr(x, 0 dr

where u, is the solution of the problem Lu; =0 in Q, u; =¢ on dQ and
w,(x, ¢) is defined for 7 < ¢ < w as the solution of the problem

Lw,=0 (x>0,¢>1),
wl0,)=0 (>,

wx, 1) = (1 - x(x, NLYNx, ).

Now consider the Markov process with state space § whose sample paths
starting at (x, ) are the backwards graphs r — (X(r - ¢),2 - 7) (0< 7 < t) of the
sample paths of the original process with starting condition X(-¢t)=x. The gen-
erator of this (space-time) process agrees on smooth functions with the differential
operator L. The induced semigroup of operators on Borel functions defined on
0 is given by
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Hf(x, ) = E f(X(0), t-7) if 0<r<ys
=0 ifr>¢
and the corresponding Green operators are
Goftx D= c€ H (5 ddr (a0
Set f=( - x XLY). Then E f(X(), t-7)=1w,x, t), so that
Gof(x, 1) = f; w(x, £)dr= ux, 1) - u(x 1) = u(x, 9.

Hence, by Theorem 1 on p. 67 of [10], for all 72 € M we have

s, D= Ex(_,)“(f ™ X, -0 dr) + Ex(_pye XD, =)
> By (_pyo 8 (X, - 7))
since /> 0. Since u, is smooth and Lu, = 0, we have
a,(x, D = By, (u(X(@), ~7)

forall % € M by Theorem 9 on p. 85 of [10). Therefore,

Wz, 02 Ey_yyo JdX@D, -7) 2 By (_,y. X))

by (1.3). Taking the supremum over all 7 € M, we arrive at the desired inequality.

We now turn to the steady state analogue of the free boundary problem (1.2)~
(1.7). By comparing the steady and unsteady cases, we obtain a priori bounds on
the solution of (1.2)—(1.7) and its limiting behavior as ¢ —» eo.

Theorem 4. Let ug denote the solution of the boundary value problem
@.1) Loz =0 (0<x<s), 2J(0)=y{0), uls)=yls).
Assume that

2.2) lim sup [Lo&/f](f) <0.
£ —o0

Then there exists a unique value s =s_, such that
2.3) u;(s) =y'(s).

Moreover, s, >d and u=us,>¥ (0<x< So)
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Proof. We remark that the solution z_ of (2.1) always exists since c(x) <0.
Let L’; denote the formal adjoint of L, and let W be the solution of the initial
value problem LW =0, W(0)=0, W'(0)=1. Since W cannot have a positive
maximum, we have

2.4) WE) >0 (0<E<), lifm inf W(£) > 0.

Apply the Green identity
[ UL 9w = ALY dE = LAENENAE) - AOW(EN + HOAOUENEZS

with v = - u_, w=W; the result is

@.5) dMNPs) - (N = [ L JUEME) e

In view of (1.1), (2.2) and (2.4), there is a unique positive value of s = s oo Such
that the right-hand side of (2.5) vanishes. This proves the existence of a unique
solution {s_, u,} of (3.1), (2.3). That s_>d is clear,

Since u (s )=¥(s, ) and u (s )=y '(s), it follows that

0> [L (g - 2 )l(s,) = dls, My"(s,) - (s,

Hence, u(x)>{(x) in some interval s -8 <x<s, (> 0). Let s, be the
largest value of x < such that u_(x) = ¢(x). Then 0< s,<d, for otherwise
the facts that L/ - u,)< 0 (s, <x<s,) and Y(x) = ulx) for x= s, s, would
imply that ¢ > u_ for sy < x< s, by the maximum principle. Likewise, if 0<
so < d, the maximum principle implies that u_(x)2¥(x) for 0< x< s, so that
u,,— Y has an interior minimum at x = s(. Consequently, #(s¢)=¢ (s;). But
this is impossible by (2.5) since u = ug, if uoo(so) = 50(50). Hence, s, =0,
which proves that > ¢ in 0< x<s_.

Theorem 5. Let s, u} be a solution of (1.2)~(1.7), and let {s_, u.} be the
solution of (2.1), (2.3). Then

(2.6) s(d<s, (0<t<o), ux, d<uy, inC
Moreover,
.7) s() = s, ux, ) > u(x) uniformly as t — o,

Proof. It is easy to see that the function

X "oo(")' 0<x<s,,
u (%) =
* '/’(x)y $°° <x< 00,
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is an L-supersolution on Q. Hence, #_ > u on C. Moreover, s(t) <s_ (all £> 0)
implies # > u on C by the strong maximum principle. Assume that (2.6) fails,
Then there exists a smallest time ¢, > 0 such that s(tg) =s,. Then L(z,-u) =
0in 0<x<s(s), 0<t<1t; and (4, - ) has a nonpositive minimum at (s, ,)-
By the boundary point maximum principle, it follows that (2, - 4), <0 at (s, ¢,),
which contradicts (1.7) and (2.3). Thus, (2.6) is proved.

Now we apply Green's formula

ff ULo)w - AL*W) dx A dt = f

3(CNnQ ) ‘[a("xw “"’w,‘) + bvw] dt + vw dx}
CnQ‘ P

with v = —u and w =W (W as in the proof of Theorem 4). The result is

e®  [o[ [ wmomO ] s [3O W0 - uig, MM &= o.

0

Since s(t) and u(x, ) are bounded above by (2.6) and nondecreasing in ¢ by
Lemma 1, the limits

s = lim s(), «P(x)= lim «x, #)

t—o00 { —o00

exist, Moreover, the second term in (2.8) is bounded. Since s(7) > d is nonde-
creasing, the bracketed integral in the first term of (2.8) is nonincreasing. Since
the first term must be bounded, this implies that

lin [ €l Ome d= [ [LYIOME dé = o.

Therefore, s™ = s,

Now let @&x, #) be defined by (1.8), and let U be the solution of LU =0 in
the half-strip 0 <x <s_, t> 0 which equals ¥ on the boundary. Since # is an
L-supersolution, it may be shown that & > U in the half-strip (cf. the last para-
graph of the proof of Theorem 1). But u_ > &, and Ulx, t) — u_(x) uniformly in
x by elementary methods, so that lim_ @(x, ) = 4™(x) = #_(x), and the con-

vergence is uniform,

3. Construction of the solution. We now construct a discrete-time analogue
of problem (1.2)-(1.7) and prove that its solution converges to a solution of
of (1.2)=(1.7) as the time step tends to zero, The possibility of solving the approx-
imate problem rests on the following lemma.
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Lemma 3. Let A> 0 be given, and let

M= sup |Y(x)].

OSxSSN

Assume that s €[d, s,)) and v € CX[0, s)) are given such that v>, |v| <M,
Lv>0 but£.0 on [0, s], v(0) =0, uls) = ¢ls), v'(s) =¢'(s). Let & be defined
on [0, ) by

t//(x), s < x <oo,

;(x):{v(X)’ OSxSs,

Assume that (2.2) holds.

Then there exists a unique number s' > s such that the solution u, of the
problem

Loug=Mu, - ) on (0, 0),

G-D 10 = Y0, 100) = Yo)

also satisfies
3.2) ug(o) = Y'(0)

exactly when 0 = s'. Moreover, s' <s_ and we have |u| <M, u>? and Lou>
0 but not £ 0 on [0, s'] where u = ugn

Proof. Let W be the solution of the initial value problem

3.3) LoW-AW=0, Wo=0, W(O=1

Since W cannot have a positive maximum, it follows that

(3.4) WE) >0 (£>0), lim inf WE) > 0.
£ —oo
By (3.1) and (3.3), we have
S UL gu W - u {LGW € = - [T HAOLGWIE) .

By applying Green’s identity to both sides and substituting the boundary values
of u, and ¥, we arrive at the equation

(3.5 doWolp'0) - wfoll = [3 [LIIME) dé+ [ ILYUEWE) de.

In view of (1.1), (2.2), (3.4) and the assumption about L v on [0, s], the right-
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hand side of (3.5) has a unique zero 0 =s' >s. There follows the unique solv-
ability of (3.1), (3.2),
Since uls") = Y(s"), 2'(s") = ¢'(s"), we have

dsu(s") = (s = [L o = D) = =[Lylls) > 0.

Hence, u > 7 in some neighborhood s'~ 8 <x<s' (8> 0). Suppose that the
inequality u > ¥ fails in the interval [s, s”). Let s, = supix €ls, s'); ulx) =
?(x)}. Then u'(sg) > 9'(sy) = ¥'(sy). Since ugy=u on [0, s}, it follows that
the right side of (3.5) is nonpositive for 0 = s, <s ‘. But this is impossible.
Therefore, u(x) > 5(x) (s <x<s’).

Now let w =u—-v on [0, sl. Then w satisfies

(Ly-Nw=-Lw<0, w(0)=0, uls)=us)-yls)>o0.

Hence, w > 0 on [0, s] by the maximum principle, and we have shown that
u>? on [0, s']. By (3.1), we also have Lywu>0 in [0, s']. We have already
seen that Lou(s "> 0, so L gu £0.

Next, suppose that s’ >s_. Let w, be the solution of (3.1) with 0 = s,,.
Then ¢ '(s,) > w,(s,;) by (3.5) with 0 = 5. This implies that w; > 7 on
[0, s, by the same reasoning given above for » Therefore, L (u,, - w,) =
-Muw, - )< 0. Butthen #,, - w; must take its maximum value on [0, s,] at
x = s, and furthermore u.(s,) = ¥ (s,)) <w(s,). But this is a contradiction.
Hence, s'< Soo

Finally, on [0, s'] we clearly have

M > max[y{0), Y(s )] >u >u> o>Y>-M

so that |u| <M there.

We now construct the discrete time approximation to problem (1.2)—(1.7).
Let 5> 0 be a time step and set s, =d, uy(x) = Y(x) (0<x<d). Then define
sequences {s_}, {u (x)} inductively by solving at each stage the problem

(u(2) - u, (N/b=[Laulx (0<x<s)

36 6 (0= 0), u(s)=yls), u(s,)=ys,)

for s n and u"(x). Here

un(x)’ 0 S X S sn’
u (x) =
X Wx), s, <x<oo

This construction is possible by virtue of Lemma 3. Moreover, Lemma 3 guar-
antees that
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(i) d=s0<sl<--~<sn<-u<sm,
(i) 4,(x)< u'”l(x) (0<s< s"+1), n=0,1,2 .40,
(iii) |z, (x)} < M and [Loun](x) 20 (0<x<s,;n=0,1,2,--).
As the analysis of this scheme is rather lengthy, we break it up into a pro-
gression of lemmas.

Lemma 4. Let 2_,(x) = ¢(x) - blLY1(x) and s_, = d. Define

9,0 = (D -a,_ (/b (0<x<s)

for n=0,1,2, ... Then there exist constants M, and M,. which depend only
on  and on the coefficients of L, suchthat 0< q (x)<My (n=0,1,2, 1),
lujG) <My =0,1,2,...).

Proof. Note that g (x) satisfies the equations

lq,(x) - q,_ (/b if 0<x<s,
Loqn(") = [ .
3.7) ‘in(x) - Lo!/!(x)]/ b ifs, ;<x<s,

7o) = L =),

(n=1, 2, ++)

and that ¢, (0)=g,(s )=¢.(s )=0and Lyq, (s )>0 for n=1,2, ... Hence,
4,(s,) > 0, from which it follows that ¢, (x) > 0 in some neighborhood s, - 8 <
x<s_. Therefore, g, (x) has a positive interior maximum at some point x, €
(o, s"). But we cannot have s, _,<x,<s_ since then

0> Log,(xg) = b~ HLgu,(x)) - Lglx)] >0
by (3.7). Hence, 0< x;<s__,, whence ¢, (x))<gq,_,(x,) by (3.7). Therefore,

0<g,(x»< max L&) =M, (n=0,1,2, AR
0<sésd

Next, observe that

() = - [ Lo (6) dE + s (s, + Ks Jls,) - B ()

[ (O

Therefore, |u,(x)| < aE‘[A max[o'Sx]h/r'l + (2B+ s OM+ s Myl = M, where
A, B, C are the maxima of |a|, |b|, |c| respectively on [0, s_J.

The next lemma provides us with an inequality which guarantees the
uniform Holder continuity of the approximating free boundary curves and forces
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their convergence. This aspect of the existence proof may be regarded as the
most novel technical feature of the problem under consideration.

Lemma 5. Define, for d < x < o, a nonnegative strictly increasing function
G(x) by

Gl = - 77 (L&) d&

Then, for each T >0, there exists a constant M,(T), depending only on { and
the coefficients of L, such that

0<[Gls) - Gls, _Nb<M(T) (n=1,2, -0+, [T/BD.
Proof. For n=10,1, 2, ..., we introduce the functions
0,(%) = d2)g.(x) + Kx)g, ().

Since g, (x) is continuously differentiable on lo, sn], Green's formula yields

69) 09 == [ (Log MO e + [ £, (&)

By (3.7), it follows that

sn qn(f) - Lol,b(f) sn
blsad=-f," Tp—dr [T Da O
so that
3.9 b,(s,_ ) <=(G(s,) - Gls, _ ))/b.

The lemma will then be established if we can obtain a lower bound p,(x) > -
- M,(T) (we remark that we cannot expect a similar upper bound since appropriate
compatibility conditions at the origin ate not satisfied).

Since (for » > 1) we have p (s )=0 and

po(x) = (g (x) = Lip(x)/b - g (>0 (s, _,<x<s)

by (3.7) and (3.8), it follows that pn(x) <0 (.sn_l <x< sn). pn(x) cannot have
its minimum value in (sn_ 1S n]. Nor can the minimum occur at x = 0, for
q,(0)=0 and ¢,(0) > 0 (since g, > 0), norat x==s,_,, for then

02 P;(Sn-l -0 = (qn(sn- 1) ~ 9n- l(sn- l))/b_ c(sn_ l)qn(sn- l)’

which implies that ¢ (s, _,)=q,(s,_,) =p,(s,_,) =0 since g, > 0. Hence,
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b,(x) takes its negative minimum value at some point x; € (0, s, _,). On this
interval, we have

n-1
= a\x + olx,

b b b
= a(x)(Lyq,)'(x) + B(x)(L yq,)(x)

= d2)p)(x) + (g, ()] + KD p(x) + (2 g, (x)]

= (L9, )(x) + alx)c'(x)q,(2).

()= p,_,(x) )q;(x) -q,_,(x )q”(x) = g, ()

Since Lyp, (x) >0, it follows that
inf_p (x)=p(x))>p,_,(x)) - AC'"Mb

0,s
n

> inf _p _ l(:c) - AC'MOb
o'sn-l

where C' = max g s°°]|c 'I. By induction, we obtain
i f 2 i - ! = - = se e 0
.10y (470 29 2 o) 2ol = ACTHGT = =MD (=0, 1,2, (/4]

This completes the proof.
Now let us define a curve x = s”(¢) by setting s”(nh) = s, #=0,1,2,...)
and determining s”(¢) for nb < t < (n + 1)b from the equation

) + (71 + l)b" tG(Sn).

t—nh
M) === s,, ;

Then, by the last lemma, the function G(s”(¢)) is Lipschitz continuous on every
interval 0< ¢t < T with Lipschitz constant MZ(T). Let C, be the approximate
continuation region

C, =1(x, 25 0<x<s?), 0<t<w}

and define a function #?(x, t) on C 5 by

(3.11) ub(x, t) = L:Z-'-léun N l(x) + g—”—t—lb?_}.)—:—t;"(x)

if nb<t<(n+ )b We will show that {s?, u*} converges to a solution {s, u}
of (1.2)-(1.7) as b — 0. The necessary estimates are given in the next lemma.

Lemma 6. Let {s”, u*} be defined as above, and let (1.9) be satisfied. Then
(a) for each T > 0 there exists a constant M3(T) such that

(3.12) d<sP()<s, (0<t<w)
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and

(3.13) 0< s”(tz) - sb(tl) S My (T2, - t)”  0<¢,<1,81),

where y = (1 + B)~! e [Y, 1);
(b) for nb<t< (n+ 1),

(3.14) 0<0P(x, )/dt=q,, D<My (0<x< P
(c) forall (x, 1) €Cy, lulx, )| < M and

(3.15) 0< Logd® <My
@) forall (x, 1) €C,,

(3.16) |022/9x) < M,,

where M, = max(M,, sup[d's“,]h/l 1
(e) for each T >0 there exists a constant MS(T) such that for all 8 >0
we bave

0< (dP(x, t+8) - P(x, 1))/
S MATUL + 25/8)(sP() - 2) + My(TNE + 25)7]

whenever (x, 1) € C, and t +8< T - b

(3.17)

Proof. (a) Since G is strictly increasing, so are s?() and G(s?()). Then

AAsP(1,)) - Q%2 ) s
M) > ——2 L fsb 2 (L e a

L=t 274

f,, o~ a df--—-——[(sb(t) DIE- () - D1HA
s (t))

>;——~[s”(z ) - P )11+R > 0.
2

Setting M,(T) = (M, (TY cor)”, we obtain (3.13). (3.12) is obvious.
(b)-(d) follow immediately from (3.11) and Lemma 4.
(e) Choose n and k such that

(n-1Db<t<nhb<+ve<(n+ k-1Db<t+8<(n+ Bb
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Then by (3.14) we have

L(x, t+8) - dP(x, o)

k-1
=(t-(-Dhg,(D+ Y q, Db+ (48 =(n+ k= Dhg, ().
j=1

Now g, (s, )=0 and g )(x) > ao'l[inf t,, - BMy), so that, by Lemma 5,

0,0 == ™ (O dE < MTNs,, - ),

where M (T) = a5 '(M,(T) + BM,). Hence,

k-1
Px, t+8) - Plx, ) < MS(T)Et -(n- l)b)(s".- D+ Y s, . %)

j=1
+(t+06~(n+ k-~ l)b)($n+k"‘):l
<MDk + DHs, -2 SHS(TIB + 20)(s,, , = ).

But

Seak " () < M(D(n + B - 47 < MG + 207,

so that
WPle, 148) - Plx, ) < MLTIE + 282 =) + M(TIE + 25)7],

yielding (3.17).

Lemma 7. Let the bypotheses of Lemma 6 be satisfied. Then there exists
a sequence b, — 0, a continuous function s(¢) defined on [0, =), and a func-
tion u(x, t) which is defined on the closure of the set C={(x, t) € Q; 0< x<
st} and satisfies a uniform Lipschitz condition there, such that

@) sPm(e) — s(o) uniformly on compact sets,

) s(¢) satisfies the inequalities

(3.18) d<s(dgs, (0<t<w)
and
(3.19) 0<s(e) = s(2) < My(THe,~2)” if 0<t <1, <T,

(c) if 8,€> 0, there exists an integer m, such that KgC Cp,, and

6"(x, ) -z, D] <e for (x, ) €Ki
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whenever m > my, where Kg=1{(x, t) € 0;0<x<s(t)-8,0<e<8 .

Proof. By (3.12) and (3.13), the family {s”(¢)} is uniformly bounded and
equicontinuous on compact sets. Hence, by the Arzela-Ascoli theorem together
with Cantor’s diagonal process, a sequence b — 0 may be chosen so that (a)
holds. (b) then follows immediately from (3.12) and (3.13). It is also clear that
K5 < Cp,, if m is sufficiently large. For such m, (3.14) and (3.16) imply that
uPm(x, {) satisfies a Lipschitz condition on K with Lipschitz constant
max(My, M,). Hence, by the Arzela-Ascoli theorem together with a diagonal
process, we may replace {b_} with a subsequence, also denoted b}, such that
uPm converges uniformly on each Ky to a limit function z which satisfies a
Lipschitz condition on U8>0K s u may then be extended to the closure of C
while preserving the Lipschitz condition.

Lemma 8. Let ls, u} be as defined in Lemma 7. Then u satisfies (1.2) in
C. Also, u satisfies (ii) of Definition 1.,

Proof. By the standard theory of weak solutions, if we prove that

(3.20) [fur*gaxar=0, an ¢ eco,
C

where L*is the formal adjoint of L, it will follow that u satisfies (1.2) in C,
together with (ii) of Definition 1. To prove (3.20), let 6 > 0 and consider values
of b, T such that suppd C K5 NQ,_, S Ks,, < éb and 2M3(T)b7 < 8. Then

ffz/bL*quxdt = Nil f”(:" b I:n (LuP)¢p dx dt
C n=0

where N = [T/b], for K n[s", ) x [nbh, (n + 1)b] = B. From (3.11) we obtain
ffu”L"cﬁdxdl
c

N-1 ¢ u -u
= Z fo" f::*”b [Loun(n+l—ib)-Lou"”(n--;;)-—u-lh———'z]cﬁ(x, 1) dtdx
n=0
N2t on (ne Db ]
=X fo Lolu,=u, ) f"b (n+l-z)¢(x. 0dt|dx
n=0
Nl st (n+ Db ¢ d
=T [ e [ (n+l-;)[¢(x. 0 - ¢lx, t - Dldedx
n=0

N-1 ¢
n (n+1)b t
+ Eo fs" ‘ Lgu, fnb (n+ l-z)tﬁ(x, ) dtdx
n= -
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where we set ¢ = 0 outside C. Therefore,

[fPrrgaa
C

Now set b=  with m — . Since u
(3.21) implies (3.20).

(3.21) <Ys, Mo Th max|g | + MM (T)b” max|g|.

b _, u uniformly on supp ¢ the estimate

Lemma 9. Let {s, ul be as defined in Lemma 7. Then (1.3)—(1.6) are satis-
fied. Also, (1.7) is satisfied in the sense that

(3.22) lim 2 (s() -8, ) =y'(s()) (0<t<)
5—0

Proof. (1.3)—(1.5) are satisfied trivially since they are satisfied for each
u’. To prove (1.6), let €> 0 be arbitrary, and let (xo, to) € C. Choose b =5
with m so large that (x(, t,) € C, and

lulxg, 20) = ub(xo, tol + [l sP2g) = lsle)] < 2¢/3.
Then
lulxg, tg) = Pls(eN] < |aP(xg ) = WlsP(e )| + 2¢/3.

If ty=(n+ 0, 0cl0,1), andif m is so large that |x, - s?(ty)| < 25 where
8 =|s(ey) - x|, then

(e 1) = WP < 12 (D) = Pl D1 = 0) + |u, (x)) - ¥ls,, IO

nyl
+ [PlsPeh) - (1 - Os,) - Oyts, )
ML= Oy = sl + [sPtg) = s 11+ Bl = 5, , |+ 1s2p) = s, 1)
SMJlxg = Pl + A1 -Os*(eg) - s,| + 2%t - s, 1]
by (3.11) and Lemma 6, whence
ldP(xg0 tg) = Ws(e )] < 2M (8 + My(TIBY) if 0<2 < T.

If m is so large that 3M,(T)h” < ¢, we obtain |u(xg, £g) - Y(s(t))| < e+ 2M,3,
whence we conclude that

(3.23) [ulxg, tg) = Ylsz )| < 2M 8.

In view of the continuity of z on C, this establishes (1.6).
In any compact subset of [0, s(¢,)), u2(x, ¢,) is defined and continuous if b
is sufficiently small. By (3.15) and (3.16), these functions are uniformly bounded
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and equicontinuous there. Hence, by restricting b to a subsequence of {bmh

we may arrange that uﬁ(x, to) — ux(x, to) uniformly on compact subsets. By
(3.15), u, then satisfies a Lipschitz condition in the x-variable which is uniform
on C. Hence, u  may be extended to dC via its tangential boundary limits.
Proceeding as above, we may derive an inequality similar to (3.23) which will
establish (3.22).

Lemma 10. Let {s, u} be as defined in Lemma 7. Then

(@) s(t) is Lipschitz continuous for ¢t > 0.

(®) If u, is defined on C as in the proof of Lemma 9, then u, is continuous
on C. Moreover, (1.7) bholds.

(c) u, and therefore u,, has a continuous extension to C - (0, 0).

Proof. Since Lemmas 8 and 9 provide all the information required in the
ptoof of Lemma 1 and s(¢) is nondecreasing, we have s(t)>d for 0< ¢ < oo, If
0> 0, let e=(s(¢)) - @)/2 and choose & > 0 such that s(t)>d + € for t,-5¢
t< g+ 8. Let Cle) = mffzd ‘[ Lolll(rf)] > 0. Then, since G(s?()) satisfies
a Lipschitz condition with Lipschitz constant M (T) on 0<t< T, the same is
true of G(s(¢)) and we have

G(s(9) - G(s(z)) s(eVeg)
MT) 2 171, "1 ,0| f stAep) - Lol dg
s(8) = s(z)
> cle) — 10-8515t0+8).
0

Hence, |s(t) - s(t o € CEO™ M, (T (e - £y) () - 8 < 1<ty + 8) which proves (a).
Now z, and u, are in the class c? 1(C) and therefore satisfy parabolic
equations in C. By Lemma 9, u_ has continuous tangential boundary values up
to the Lipschitz curve x = s(¢). But it is easy to show by the classical methods
of Gevrey [7] that a solution of a parabolic equation which has continuous tan-
gential boundary values up to a Lipschitz boundary curve x = s(t) is continuous
up to that curve. The rest of (b) follows from standard facts. To prove (c), let

b=bh, with m — e in (3.17). We obtain

0 < (ulx, t+8) - dhx, 0)/8 < M(T(s() - #) + 87]

for (x, t) € C with 0< ¢t < T. Letting 8 — 0 yields 0< #,(x, £) < My(T)(s () - x)
inCn Q. Hence, u, has tangential boundary values which vanish identically
on x = s(t). (c) now follows in the same way as (b).

We summarize the results of Lemmas 7-10 as
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Theorem 6. Let (1.9) be satisfied. Then there exists a solution {s, u} of
problem (1.2)—(1.7). Moreover, if u is defined by (1.8), then 1'4" and ﬂx are
Hélder continuous except at the origin.

The last statement of the theorem is obvious.

Remark. In view of the proof of Lemma 10(a), the assumption that (1.9) holds
for all x > d may be considerably weakened. It is necessary only to suppose
that (1.9) holds for 4 < x < d + € for some €> 0 and that (2.2) is satisfied.

Added in proof. Since the submission of this paper, the author has learned of
two recent developments which should be mentioned here. (i) P. Van Moerbeke,
in a thesis written at The Rockefeller University, has solved an optimal stopping-
free boundary problem by treating an equivalent Volterra integral equation. His
initial condition differs from our (1.5), and satisfies a compatibility assumption
which makes the free boundary curve turn out to be Lipschitz near ¢=0. He
also treats a number of specific cases not covered by his general theorem. (ii) A.
Bensoussan and J. L. Lions have discussed the equivalence of an optimal stop-
ping problem for a diffusion on R” with a parabolic variational inequality, which
is a weak formulation of the minimum problem in our Theorem 1. They prove exis-
tence, uniqueness, etc. for the latter problem.
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