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A FREE BOUNDARY PROBLEM CONNECTED WITH THE OPTIMAL

STOPPING PROBLEM FOR DIFFUSION PROCESSES

BY

DANIEL B. KOT LOW

ABSTRACT.  This paper deals with a free boundary problem for a parabolic

equation in one space variable which arises from the problem of selecting an

optimal stopping strategy for the diffusion process connected with the equation.

It is shown that a solution of the free boundary problem yields the solution of

a minimum problem concerning supersolutions of the parabolic equation as well

as the solution of the optimal stopping problem.  Theorems regarding the exis-

tence, uniqueness, regularity, and approach to the steady state of solutions of

the free boundary problem are established.

1.  Introduction.   Let

Ln m aix)—- + bix)— + cix),
0 dx2 dx

where a, b, c e C2+a([0, ~)) for some a e (0, 1), aix) > aQ > 0 (0 < x < »), c(x)

< 0 (0 < x < oo), and let L be the parabolic operator L = Ln - d/dt.   Let ip e

C5([0, oo)) be a given real-valued function such that, for some d > 0,

(1.1) *T>
> 0      (0 < x < d),

0    <0      (¿<x<°°).

In this paper, we treat the following

Free boundary problem.  Determine a curve x = sit) (0 < t < ») such that

sit) > 0, together with a solution u of the parabolic equation

(1.2) La=0

in the (unknown) region C defined by

C = |(x, t); 0<x<sit),0<t< »»I,

which satisfies the conditions

(1.3) uix, t)>ipix),     ix,t)eC,

(1.4) ziO, t) = ip(0),     0<i<oo,
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(1 -5) uix, 0) = <pix),      0<x< Á0),

(1.6) uisit), t) = ipiÁt)),        0 < t < oo,

(1.7) irlu/dx)isit),   t) = Ip'isit)), 0 < / < oo.

Condition (1.3) will determine the value of s(0); then the extra boundary condi-

tion will serve to determine uniquely the entire unknown portion of the boundary

of C.

Qir free boundary problem arises in connection with the following optimization

problem in the theory of stochastic processes. Let X(f) (t < 0) be a diffusion

process on the nonnegative real axis with absorption at x = 0 and stopping at

t = 0. Suppose the Dynkin generator of this process agrees on (0, oo) with the

differential operator LQ on smooth functions. Let M be the set of all Markov

times (stopping times) m for this process.   We wish to evaluate the function

vix, t) = sup   Ex^t)=xitfA[Xim)))

meM

and to find a Markov time m      eM such that
opt

If we think of the elements of AI as stopping strategies, the problem is to find

a strategy which will maximize the expected value of the payoff function if/ at

the point of stopping, independently of the starting condition X(- /) = x (0 < t < oo).

A strategy m      which does this is called an optimal stopping time.   It turns out

that if we solve the free boundary problem (1.2)—(1.7) and set

*,      .     I uix, t)    if ix, t) e C,
(1.8) uix, t) = { ' _

|^*)       if (x, t)eQ-C,

where Q = (0, oo) x (0, oo), then v = û and we may choose

wopt=infli; iXit),-t) j/C|.

I.e., the optimal strategy is to continue as long as the graph of position vs. time

remaining lies in the continuation region C and to stop as soon as it leaves this

region.   The simple form of the optimal strategy is a consequence of the assump-

tion (1.1) on the form of the payoff function, which has the interpretation that it

pays to continue on a purely local basis when the sample path is in (0, d) but

it costs on a local basis when the sample path is in id, oo).  This interpretation

may be read off from Dynkin's formula
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Exi<piXim))) = iPix) + Ej\m ÍL^iXÍt)),

by setting

(jmiL0j,)iXit))d\

m = S A inf Íí; |X(/) - x| > SI    for small <5 > 0.

The connection between optimal stopping and free boundary problems was

noticed by Chernoff [1] and McKean [13], among others, in special cases, and was

explored in detail by Grigelionis and Sirjaev [9] for general homogeneous Markov

processes.  We refer the reader to the survey papers of Chernoff [2] and Grigelionis

fe] for an overview of the subject of optimal stopping problems and for a more ex-

tensive bibliography.   The basic facts about optimal stopping may be found in

Dynkin [3], [4] and Dynkin and Juskevic [5].  A number of free boundary problems

which are similar to (1.2)—(1.7) have been treated by Ventcel' [191, Thi [18],

Kruzhkov [12] and Sacke« [15].  Kolodner [ll], McKean [13] and Sherman [17] have

reduced free boundary problems of optimal stopping type to nonlinear integral equa-

tions, but these have (so far) proved unamenable to solution.   Also, Sackett [16]

has solved numerically a free boundary problem which arises from an optimal stop-

ping problem.

In §2, we assume that we have in hand a solution \s, u\ of (1.2)—(1.7) which

has- certain regularity and we establish a number of its properties.   The main re-

sult (Theorem 1) is that, if u is defined by (1.8), then û is the least of all L-su-

persolutions v on Q such that v > ip on Q.   This leads immediately to a unique-

ness theorem (Theorem 2) for the free boundary problem.   Next, we establish the

connection described above between the free boundary problem and the optimal

stopping problem (Theorem 3).   Then we solve the steady state analogue of (1.2)—

(1.7) (Theorem 4), which corresponds in the probabilistic interpretation to the case

where the process is started at t = — oo (i.e., it is allowed to continue indefinitely

until absorption occurs), and we establish the convergence of the solution of

(1.2)—(1.7) to the steady state solution as í —» oo (Theorem 5).   Finally, in §3

we construct the solution of the free boundary problem by an adaptation of the

method of E. Röthe [14].  Here we make the mild technical assumption that

(1.9) (LQxP)ix)<-c0(x-d)ß      ix>d)

where cQ is a positive constant and 0 < ß < 1.  It turns out that sit) is Lip-

schitz for 0 < / < » and Holder continuous on [0, oo) with exponent y = (1 + j8)     ,

and that û   and û   ate Holder continuous with exponent y everywhere except

at the origin.

The main tool used below is the boundary point form of the maximum principle:



460 D.B. KOTLOW

if v is continuous and nonnegative in the closure of a domain D which is bounded

below by / = 0 and on the right by a Lipschitz curve x = sit), and if Lv < 0 in

D and visitQ), tQ) = 0 for some tQ > 0, then vxisitQ), tQ)< 0 (cf., e.g., A. Fried-

man, Remarks on the maximum principle for parabolic equations and its applica-

tions, Pacific J. Math. 8 (1958), 201—211).  In particular, the optimality theorems

mentioned above follow from an application of this result.  We remark here that,

although the usual statements of this result require that D satisfy an "interior

sphere condition" at (s(i0), in), it is a simple matter to achieve this by modify-

ing the situation for t>tQ without altering v for t < tQ as long as sit) is Lip-

schitz.

2.   Properties of the solution.   Let x = sit) be a curve defined for 0 < t < oo

with sit) > 0, and let a be a real-valued function defined on the open set

C=|(x, í);  0<X<Át), 0<í<oo¡.

Definition 1.  Is, u\ is a solution of (1.2)— (1.7) if

(i) s eC^([0, oo)) for some y £ [}Á, 1) and is Lipschitz continuous for 0 <

/ < oo.

(ii)  u £C2'XiC)nC°iC).

(iii)  du/dx is bounded and has a continuous extension to C.

(iv) d u/dx    is bounded and has a continuous extension to C - (0, 0) -

(s(0), 0).

(v) Conditions (1.2)—(1.7) are satisfied.

We begin with a number of simple properties which solutions must satisfy.

Lemma 1.   Let [s, u\ be a solution of (1.2)— (1.7).   Then s(0) = d and s(t)>

d for 0 < t < oo.

Proof.   First suppose s(0) > d, and choose xQ £ id, siO)).  Then

lim —ix0, t) = lim iLQu)ix0, t) = LQtfA.x0) < 0,
t~o dt t — 0

which contradicts (1.3).  Hence, s(0) < d.

Now suppose there exists tQ such that s(fn) < d.   Then there exist f j, t2

such that 0 < ij < r2 and sit) <d itl < t < t2).   Let D = |(x, t); 0 < x < sit), ij <

t < t2\, and define v = u - iff on D.   Then v > 0 on D   by (1.3) and Lv < 0 by

(1.1) and (1.2).  Moreover, visit), t) = 0 (f, < t < t2) by (1.6).   But then we must

have v isit), t) < 0 (i, < t < tA) by the boundary point form of the maximum prin-

ciple and this contradicts (1.7).   Hence, sit) > d tor all / > 0, which proves the

lemma.

Lemma 2.   Let [s, u\ be a solution of (1.2)—(1.7).   Then u( > 0 in C, and

sit) is nondecreasing.
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Proof.   First observe that (1.6) implies that

uxÍÁt), ùs'it) + utUl), t) = tP'ÍÁt))s'it)

fot each t > 0 where sit) is differentiate.   By (1.7), this implies u(isit), l) = 0

for almost every / > 0.   But then u(isit), t) = 0 by (iv) of Definition 1.   We also

have uti0, t) = 0 (f > 0) and u{ix, 0) > 0 (0 < x < d) by (1.4) and (1.1) respectively.

Furthermore, the derivatives u     , u   , u    exist and are (Holder) continuous in
XXI Xi L L

C by an interior regularity theorem of Friedman [6], and hence Lu  ■ 0 in C.

It follows that u  > 0 in C by the strong maximum principle.

If sit) is not nondecreasing, we can find tQ such that s '(ig) exists and is

< 0.  Then (s(/Q), i0 - S) e C fot all sufficiently small positive 8.   But then

ip(sit0)) - uisit0), /„-$) = outisit0), t0 - 8') > 0

for some 8 ' e (0, 8), and this contradicts (1.3).  This completes the proof.

Remark. In view of the monotonicity of sit), the proof of Lemma 1 actually

shows that sit) > d it > 0).

We now characterize the solution as the solution of a minimum problem con-

cerning supersolutions relative to the operator L.

Notation.

R8(V t0) = \ix, t); |x-x0| <5, tQ-8<t<t0\,

Definition 2.   A function tz = tz(x, t) is an L-supersolution if

(i)  tz is defined and lower semicontinuous on Q.

(ii)  For any (xQ, tQ) e Q, there exists 8Q > 0 such that R j (x0, r0) Ç Q

and for all 8 e (0, SQ) we have that tz(x0, /Q) > wixQ, tQ) whenever tzz e C2,10?g)

nC°ÍRs), Lw = 0 in R8, and tz > w on d Pg-

Theorem 1. Let \s, u\ be a solution of (1.2)—(1.7), and let S be defined on

Q by (1.8).   Then u is the least L-supersolution on Q which is >\p on Q.

Proof.  We have û > ip by (1.3), and û is continuous by (1.6).  We show that

S is an L-supersolution.   If (xQ, ¿q) is in either the continuation region or the

interior of its complement, condition (ii) of Definition 2 is verified for §0 equal

to the distance of (xQ) tQ) from dC u{t = 0\ by application of the maximum prin-

ciple.   If Xq = s(i*0), ig > 0, we choose 8Q > 0 so small that the closure of

Rg (xg, /g) is contained in the open quarter plane x > d, t > 0.  Define

D1,S = Rs(*0' i0) n ^z) > **'       D2,S = ^S^O' ^ n '^^ < *'
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for 8 e (0, SA.   Let w be as in condition (ii) of Definition 2, and set v = u - w,

m = infj; v.   Suppose m < 0.   By the maximum principle, tz(x, t) ¿ m for (x, i) e

Dl jUDj sU^ûRS*   Therefore, there exists a point (s(/j), fj), /n--S<ij<rn,

such that visit.), t,)= m.   By the boundary point form of the maximum principle,

t^Wij)-, tx)<0,       vxisitx) + , tx)>0.

But this contradicts (1.7) and the differentiability of w.   Hence rzz > 0, which

verifies condition (ii) of Definition 2.

Now let w be another L-supersolution such that w > iff in Q.  Set v = w — u

and, for any T > 0, let 772_ = ¡nf^   v, where Q_ = [0, oo) x (0, T].  Assume 772_ <

0.  Since v > 0 outside C and v is lower semicontinuous, the set S~ = I Or, t) e

QT; vix, t) = 772_( is a nonvoid closed set lying in C.   Hence, there exists a point

(x0, t"0) eSr such that tQ > 0 and (x, /) ¿ ST if t < in.  If S > 0 is sufficiently

small, we have Rj(xn, ¿0)Ç C.   Let u1 be the solution of the first initial-boundary

value problem

Lu =0    in  RsixQ, in),        zz = in- 772T    on r/p/?j(x0, /Q).

Since <9 RgÇC-S_, we have w > zi'on d R%, and hence izz(xQ, t0)>u'ix0, tQ)

if (S is sufficiently small since w is an L-supersolution.   But tt > u + m_ in R j

by the strong maximum principle since

Liu - u- mT) = -dx)mT < 0    in  fig,       u - u - mT = 0    on d Rj.

Therefore, tz(xQ, /n) > ttz^, which contradicts our choice of the point (xn, fn).

Hence, 7?2_ > 0 and w > û in Q„.   Therefore, izz > 2 in Q.

Theorem 2 (Uniqueness).   Ler [sx, uA and [s2, uA be two solutions of

(1.2)—(1.7).   Tie72 Sj = s2 and ul = u2.

Proof.   Let C,, C2 be the continuation regions defined by s., s2 respectively,

and let S. (z = 1, 2) be defined as in (1.8).  Then ul = «2 by Theorem 1.  Suppose

s,(i) < s At) for some /.   Then there is an open set DZC2 n (Q - Cj) in which

we have

0 = Lu2 = Lu2 - Lux= Lift.

But this contradicts (1.1).   Hence, Sj = s2 and ux = u2.

We now establish the connection between the free boundary problem and the

optimal stopping problem, which was described in § 1.

Theorem 3.   Let [s, u\ be a solution of (1.2)—(1.7), and let û be defined as
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in (1.8).   Let

and

vix, t)= sup EXit)=xiipiXim)))

me M

mapt = iní\t; iXit),-t) </c!.

Then

uXx. t) = vix, t) = Ex(_t) = xiifÁX(mopt)))

for all (x, t) e Q.

Proof.  Since Six, t) = F^f.^^iipiXim))), we certainly have u < tz on Q.

The problem is to prove the reverse inequality.

If cp £ Cg"(Q) and L    is the formal adjoint of L, then

/o2l^ = /c"L*^+/o-c^

= fc ÍLu)cp + fQc iLxp)cP = JQ (1 - Xc)a$<¿

where xc is the characteristic function of C, for the boundary terms generated

by the integrations by parts cancel by virtue of (1.6) and (1.7).  Hence, Lî =

(1 - Xc^^ *n Ö i" tne distribution sense.   By Duhamel's principle, « may then

be represented in the form

uix, t) = u j(x, t) + j   wTix, t) dr

where u,  is the solution of the problem Lzzj = 0 in Q,  u. = tp on dQ and

wTix, t) is defined for r < í < « as the solution of the problem

LwT = 0      (x > 0, r > t),

wTÍ0, t) = 0      (r > r),

wTix, t) = (1 - xci*. r))iLip)ix, t).

Now consider the Markov process with state space Q whose sample paths

starting at (x, /) are the backwards graphs r —» (x(r - t), t - t) (0 < r < i) of the

sample paths of the original process with starting condition X( - r) = x.   The gen-

erator of this (space-time) process agrees on smooth functions with the differential

operator L.   The induced semigroup of operators on Borel functions defined on

Q  is given by
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/y (x, t) = EJiXir), t - t)    if 0 < r < t,

= 0 if r > t,

and the corresponding Green operators are

Ca/U t) = po e-aTHTfix, t) dr      (a > 0).

Set /= (1 - xc)iLif/). Then EJiXir), t-r)= wTix, t), so that

G0/(x, t) =  P wTix, t)dr= uix, t) - uA.x, t) = «"(x, í).

Hence, by Theorem 1 on p. 67 of [10], for all me M we have

uix, t) = EX(-t)=x(flt /(X(r)' -T)dT) + EX(-i)=*(*(X("î)' -■))

> EX(_t)=xiuiXim), -m))

since /> 0.  Since a, is smooth and Lu. = 0, we have

Kj(x, /) = Exi_t)_xiuA.Xim), -m))

for all m e M by Theorem 9 on p. 85 of [10].  Therefore,

u\x, t) > Exi_t)=xiûiXim), -m)) > EX(_t)=xixpiXim)))

by (1.3).  Taking the supremum over all m e M, we arrive at the desired inequality.

We now turn to the steady state analogue of the free boundary problem (1.2)—

(1.7). By comparing the steady and unsteady cases, we obtain a priori bounds on

the solution of (1.2)—(1.7) and its limiting behavior as f —» oo.

Theorem 4.   Let u_ denote the solution of the boundary value problem

(2.1) Lous = 0   (0 <*<**)'      usi0) = yji0),      usis) = yj(s).

Assume that

(2.2) lim SUP [i-0t/z](<f) < 0.
£-oo

Then there exists a unique value s = sM such that

(2.3) u's(s) = xfj'is).

Moreover, sw> d and uM = ws<30 > iff (0 < x < sj.
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Proof.  We remark that the solution a    of (2.1) always exists since c(x) < 0.
r*Let L    denote the formal adjoint of LQ, and let W be the solution of the initial

value problem  L*QW = 0,   WÍQ) = 0, W'ÍO) = 1.  Since W cannot have a positive

maximum, we have

(2.4) W(¿j) > 0   (0 < £< oo),      lim inf W(£) > 0.

Apply the Green identity

fSQ [iL0v)w - vÍL*0w)] d£= [aiOív'ÍOwiO - vi&w'it)) + K£MfM£)]f ̂

with v = tp - us, w = W; the result is

(2.5) ais)wis)tyis) - u'sis)] = f* [Lg^Mf) #.

In view of (1.1), (2.2) and (2.4), there is a unique positive value of s = s^ such

that the right-hand side of (2.5) vanishes.  This proves the existence of a unique

solution (s^, uji of (2.1), (2.3).   That sao> d is clear.

Since ujsj = f(sj and ufj.sj = ip '(sj, it follows that

0 > [L0(>> - uj](sj = dsj[pisj - u"jsj].

Hence, uix) > tpix) in some interval s   - 8 < x < s    Í8 > 0).  Let sn be the

largest value of ï<sm such that ujx) = ipix).  Then 0 < sQ < d, fot otherwise

the facts that L0iip - uj < 0 (sQ < x < sj and i^f(x) = uix) fot x = sQ, sw would

imply that ip > u^ fot s0< x < sM by the maximum principle.   Likewise, if 0 <

sQ < d, the maximum principle implies that ujx) > <pix) fot 0 < x < sQ, so that

!iM - tp has an interior minimum at x = sQ.   Consequently, a^j,sQ) = ip '(sg).  But

this is impossible by (2.5) since ux = uso if uJsA. = ipisA..  Hence, sQ = 0,

which proves that ux > ip in 0 < x < sM.

Theorem 5.   Let \s, u\ be a solution of (1.2)— (1.7), and let {s^, a^i ¿>e the

solution of (2.1), (2.3).   Then

(2.6) sit) <iM    (0 < / < oo),       uix, t) < uM    in C.

Moreover,

(2.7) sit) —» 5M,    uix, t) —» a^ix)    uniformly as t —» ».

Proof.   It is easy to see that the function

Í» -
Í ujà,     0 < x < Sag,

\lpix), S00<X<oo,
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CnQt

is an L-supersolution on Q.   Hence, 2^ > u on C.   Moreover, sit) < sx (all / > 0)

implies uoa> u on C by the strong maximum principle.   Assume that (2.6) fails.

Then there exists a smallest time tQ > 0 such that s(r0) = sM.   Then Hu^, - a) =

0 in 0 < x < sit), 0 < t < /q and (a^, - a) has a nonpositive minimum at (s^, fn).

By the boundary point maximum principle, it follows that (a^ - a)   < 0 at (sm, <0),

which contradicts (1.7) and (2.3).   Thus, (2.6) ¡s proved.

Now we apply Green's formula

I I   [iLv)w - iXl*uz)] dx A dt = é   „  _ , l[a(v az -'tvuz ) + ¿tza>] a"r + tzuz^x)

:n£>( '

with v = if/ - u and uz = W (W as in the proof of Theorem 4).   The result is

(2.8)     fa [fSQ{T) (L0MW& dñdr + fS0U) WO - u(£t Ù]iKf ) d£ = 0.

Since sit) and a(x, /) are bounded above by (2.6) and nondecreasing in t by

Lemma 1, the limits

s°° = lim   sit),       u°ix) = lim   uix, t)
t — oo i—.oo

exist.   Moreover, the second term in (2.8) is bounded.   Since sir) > d is nonde-

creasing, the bracketed integral in the first term of (2.8) is nonincreasing.   Since

the first term must be bounded, this implies that

lim   f'U) [L0vJ]i{)WiO dÇ- ff [Lo0í¿M£) «.- 0.
/—.oo •* J

Therefore, s°° = sM.

Now let ¡Ax, t) be defined by (1.8), and let U be the solution of LU =0 in

the half-strip 0 < x < sM, / > 0 which equals t/r on the boundary.   Since u is an

L-supersolution, it may be shown that 5 > U ¡n the half-strip (cf. the last para-

graph of the proof of Theorem 1).   But a,,,, > S, and Uix, t) —» ¡zjx) uniformly in

x by elementary methods, so that lim    x ùtx, t) = a°°(x) = a^ix), and the con-

vergence is uniform. .

3.   Construction of the solution.   We now construct a discrete-time analogue

of problem (1.2)—(1.7) and prove that its solution converges to a solution of

of (1.2)—(1.7) as the time step tends to zero.   The possibility of solving the approx-

imate problem rests on the following lemma.
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Lemma 3.   Let X > 0 be given, and let

M =     sup     |i/í(x)|.
0Sx£s„

Assume that s e [d, s^) and v eC ([0, s]) are given such that v > ip,  \v\ < M,

Lv> 0 butá 0 on [0, s], v(0) = 0, tz(s) = tpis), v'is) = tp'is).   Let v be defined

on [0, t») by

| tz(x),        0 < x < s,

I lp(X), S < X < oo.

Assazzze íiaí (2.2) holds.

Then there exists a unique number s   > s such that the solution ua of the

problem

L0ua= Xiua- v)   onÍ0,a),

uaiO) = ipiO),       a>) = ipia)

also satisfies

(3.2) a>) = xP'ia)

exactly when a = s .   Moreover,  s   <sM flzzzi zzze have \u\ < M,  u>v and LQu>

0 but not /= 0 oz2 [0, s ] where u = u ,.

Proof.   Let W be the solution of the initial value problem

(3-3) L*W - XW = 0,       WiO) = 0,       W'ÍO) = 1.

Since W cannot have a positive maximum, it follows that

(3.4) W(£)>0   (f>0),      lim inf Wi£) > 0.
f-oo

By (3.1) and (3.3), we have

illiL0uJW-uaiL*0W)]d^-jaoviO[L*0\y]iOäc;.

By applying Green's identity to both sides and substituting the boundary values

of ua and v, we arrive at the equation

(3.5) aio-MaWia) - a'>)] = J"' [LQvWwiO dÇ + f^L^WwiO d£.

In view of (1.1), (2.2), (3.4) and the assumption about LQv on [0, s], the right-
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hand side of (3.5) has a unique zero a = s   > s.   There follows the unique solv-

ability of (3.1), (3.2).

Since a(s ') = tfAs '), a is ) = iff is ), we have

ais'\u"is') - v~"is')] = [LQ(a- v)]is') = -[L^lCsO > 0.

Hence, u > v in some neighborhood s  - 8 < x < s    (S > 0).   Suppose that the

inequality a > v fails in the interval [s, s').   Let sn = supjx e [s, s'); uix) =

vix)\.   Then a'(sn) > í'(sn) = yj'isn).   Since aSQ m a on [0, sn], it follows that

the right side of (3.5) is nonpositive for a = sn < s .     But this is impossible.

Therefore, uix) > vix) is < x < s ').

Now let w = u — v on [0, s].   Then w satisfies

(L0 - X)w = - L0tz < 0,    »(0) = 0,    w(s) = a(s) - ip(s) > 0.

Hence, az > 0 on [0, s] by the maximum principle, and we have shown that

a > v  on [0, s '].   By (3.1), we also have LQa > 0 in [0, s '].   We have already

seen that LQuis ) > 0, so LQa ^ 0.

Next, suppose that s   > sM.   Let azj be the solution of (3.1) with a = sM,

Then 'p'is^l > w^is^) by (3.5) with a = sM.   This implies that az, > v on

[0, sx] by the same reasoning given above for a.   Therefore, L^u^, - w^) =

- A(azj - £)< 0.  But then a^, - w^ must take its maximum value on [O, sj at

x = s^,  and furthermore u^s^) = ^ (s^) < zz/jlsj.   But this is a contradiction.

Hence, s   < s„.
' oo

Finally, on L0, s ] we clearly have

M > max[i/r(0), ipisj] > ux> a > v> tfr>- M

so that |a| < M there.

We now construct the discrete time approximation to problem (1.2)—(1.7).

Let h > 0 be a time step and set sQ = d, u0ix) = ipix) (0 < x < d).   Then define

sequences  js  |, {a (x)| inductively by solving at each stage the problem

(an(x) - un _ xix))/b = [L0an](x)       (0 < x < sj

°-6) «„(0) = 0ÍO),     «.UJ-tfs.).    u'nisn) = t'is)

for s    and u (x).   Here
n n

!unix),       0<x<sn,

ifrix),        s   < x < oo.

This construction is possible by virtue of Lemma 3.  Moreover, Lemma 3 guar-

antees that
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(i)  d = Sg < Sj < •.. < sn < •.. < sM,

(ii)  2n(x)< an+1(x)   (0<s<sn+1),   72 = 0,1,2,...,

(iii)   la (x)| < M and [Lna ] (x) > 0     (0 < x < s  ; n = 0, 1, 2, • • • ).
'71'— U   72 — —      —    n '     '

As the analysis of this scheme is rather lengthy, we break it up into a pro-

gression of lemmas.

Lemma 4.   Let û_l(x) = ipix) - h[L0ip]ix) and s_l - d.   Define

qix) = iuix) - 2„   Ax))/h      (0 < x < s )
'n n Ti — i —     —    n

for n = 0, 1,2, ....   Then there exist constants MQ and M., which depend only

on *p and on the coefficients of L, such that  0 < q (x) < MQ in = 0, 1, 2, •.. ),

K'(*)|<Ml  (« = 0,1,2,...).

Proof.   Note that q ix) satisfies the equations

\Uni*)-qn_xix)Vh    ii0<x<sn_l

(3.7)       L°?" kw-^,»     ^n.l<x<sn      («=1'2'-)

c70(x) = L0ipix),

and that q (0) = q is  ) = q 'is ) = 0 and Lnz7 (s ) > 0 for n = 1, 2, • • •. Hence,'77 J72       72 J77       72 U ' 72       72 '

q"is ) > 0, from which it follows that q (x) > 0 in some neighborhood s   - S <

x < s .   Therefore, q ix) has a positive interior maximum at some point xQ e

(0, s ).   But we cannot have s     , < x. < s    since then'71 72 — 1 U 72

0 ^ ¿WV = h~^L0un(xc) - L0ipix0)] > 0

by (3.7).   Hence, 0<*0<s     j, whence q ixQ)<q _ j(xQ) by (3.7).   Therefore,

0 < q„ix) <   max , LMÇ) =- Mn      in = 0, 1, 2, • • • ).

Next, observe that

aix)u'ix) = - f'n L0uiO d£+ aisU'is) + bis Ms) - bix)u(x)
n Jx        Un33 n T      n n r    n n

f" uiOdOdÇ.
j x       n

+
' x

Therefore,  |an'(x)| < a~x\A maxt-g      i|y!i '|  + (2ß + sj:)M + sjWg] b Mj,   where

A,   B,   C ate the maxima of \a\, \b\, \c\ respectively on [0, sj.

The next lemma provides us with an inequality which guarantees the

uniform Holder continuity of the approximating free boundary curves and forces
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their convergence.   This aspect of the existence proof may be regarded as the

most novel technical feature of the problem under consideration.

Lemma 5.   Define, for d<x<<x>,  a nonnegative strictly increasing function

Gix) by

dx)=-f*{L0ipWd&

Then, ¡or each T > 0, there exists a constant M2iT), depending only on t/* and

the coefficients of L, such that

0 < [Gis) - Gisn_ x)]/h < M2iT)      in = 1, 2, • • •, [T/b]).

Proof.   For 72 = 0, 1, 2, • • -, we introduce the functions

p Ax) = a(x)q'ix) + bix)qix).
r7Z 'fl '77

Since q (x) is continuously differentiable on [0, s ], Green's formula yields
An * n *

(3.8) p„ix) = -/*" iL0q)iO d£ + fx" dÇ)qnit) dÇ.

By (3.7), it follows that

>X-I>~J. h *+//      ciOqniOä^,
Sn-\ h sn-\

so that

(3.9) Pn^n-J <-(«*„) -Gisn_x))/h.

The lemma will then be established if we can obtain a lower bound p (x) > -

- MAT) (we remark that we cannot expect a similar upper bound since appropriate

compatibility conditions at the origin are not satisfied).

Since (for 72 > 1) we have p (s )= 0 and— l 72      71

p'nix) = (qix) - LQyj(x))/h - cix)qnix) > 0    isn_ x < x < sj

by (3.7) and (3.8), it follows that pn(x) < 0 isfl_l < x < sn). pnix) cannot have

its minimum value in is     ,, s ].  Nor can the minimum occur at x = 0, for
n — 1     n

q (0) = 0 and q '(0) > 0 (since a   > 0), nor at x = s     j, for then

0 * P'¿Sn-l - 0) = WSn-? - 1n-¿S«-lWb-c(>S«-l)1¿Sn-l)>

which implies that qis     ,) = q'is^   ■) = p„U     ,)= 0 since a   > 0.   Hence,
r ln    n— l        *n    n— 1        L n    n— 1 *tj —
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p ix) takes its negative minimum value at some point xQ e (0, s  _,).  On this

interval, we have

pj-*) - P*. i(*)        i'S*) - il S*)        ?„(*) ~ <?„ iM
'72 ' 72 — 1 /\72 '72—1 » /    \     72 '72—1
-.- = a(x)-+ b\x)-

h h h

= aix)ÍL0q)'ix) + b(x)ÍL0q)íx)

= aix)[p'nix) + cix)qníx)]' + bix)[p'nix) + cix)qnix)]

= ÍL0pn)ix) + aix)c'ix)qníx).

Since  L0pnixQ) > 0, it follows that

inf    p (x) = pnix0) > p„_xix0) - AC'M0h

>      inf       ö     ,(x) - AC'Mnh—   r i   r72—  1 U

where C' = maxr0      llc'l.   By induction, we obtain

tx im r inf, *n(x) * rinf, Poi^ - ^C'MgT = -U2iT)      in = 0, 1, 2, •.., [T/è]).
^•1U> [O.sJ [o.rf]

This completes the proof.

Now let us define a curve x = s it) by setting s (nh) = sn in = 0, 1, 2, •. • )

and determining s it) fot nh < t < (zz. +• l)h from the equation

«XA« = izJL* cU.+,) + ̂ -^i 0(5,,).

Then, by the last lemma, the function Gis it)) is Lipschitz continuous on every

interval 0 < t < T with Lipschitz constant MAT).   Let Ch be the approximate

continuation region

Ch = i(x, /); 0 < x < shit), 0 < / < ooj

and define a function a (x, t) on Ch by

hl     v     r - nh ( s,    in + l)h - t - , v

(3.11) ™> » = —f- u„ + 1^ +-1-V«

if nh < t < in + l)h.   We will show that Is*, a I converges to a solution \s, a|

of (1.2)—(1.7) as h —» 0.   The necessary estimates are given in the next lemma.

Lemma 6.   Let [s , a I i>e defined as above, and let (1.9) f>e satisfied.   Then

(a) /or eacè T > 0 there exists a constant MÁT) such that

(3.12) d<shit)<soo      (0<i<°o)
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and

(3.13) 0<s*(/2)-s*(í1)<M3(T)(/2-í1)r      (0<rj<r2<T),

where y = (1 + ß)~x e[V2, 1);

(b) for nh<t<in+ l)h,

(3.14) 0 < duhix, t)/dt = qn + j(x) <M0      (0<x< s*(z));

(c) /or all (x, /) e C^,  |a(x, t)\ < M and

(3.15) 0 < L0a* < M0;

(d) for all ix, t) e Ch,

(3.16) |r3«*/f3x| < M4,

where M4 = max(Mj, supr.       l|^ *|);

(e) for each T > 0 ziere exists a constant M^iT) such that for all 8 > 0

we have

0 < iuhix. t+8)- uhix, t))/8

(3.17)
< M5(T)(1 + 2b/8)[ishit) - x) + zM3(T)(S + 2b)7]

whenever ix, t) e C.   and t + 8 < T - h.

Proof,   (a)  Since G is strictly increasing, so are s it) and Gis it)).   Then

G(shitA)-G(shit.)) ,       rsh(t,)

«2<n >--7^7—- -t~rrjhl\ W™ *
'2      '1 '2        1     s   (fj)

2        1     s   ((   ) 2        1

>_L r[s*izJ-s*(z1)]1 + *3>0.

Setting M3(T) = (MjiTVcny)7, we obtain (3.13).   (3.12) is obvious.

(b)-(d) follow immediately from (3.11) and Lemma 4.

(e) Choose n and k such that

(n - l)h < t < nh < • • • < (« + k - l)h < t + 8 < in + k)h.
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Then by (3.14) we have

a*(x, i + <5) - a*(x. /)

k-l

= (<-(«- l)h)qnix) + £   1„ +/*** + it + 8-in+k- \)h)qn +jfe(x).

7=1

Now q  is A = 0 and q 'ix) > ar'tinf pm - BMn], so that, by Lemma 5,

where zM5(T) = a" 1(Mz(T) + BMg). Hence,

r *-i
«*(x. i + S) - «*U t) < M,(T) (i - in - l)h)isn - x) + £   Ä(s„ +/ - x)

+ (í + z3-(n+A-l)¿)(sn + fe-x)

< zW5(T)U + Dbisn+k -x)< M5ÍT)Í8 + 2h)isn+k - x

But

V* " sh{t) - M3(T)t(w + k)h ~ <ir - M3^T)(S + 2¿)7'

so that

a*(x, t h- 5) - a*(x, i) < M5(r)(S + 2h)[ishit) - x) + M^T)i8 + 2hV],

yielding (3.17).

Lemma 7.   Let the hypotheses of Lemma 6 be satisfied.   Then there exists

a sequence h    —» 0, a continuous function sit) defined on [0, oo), and a func-

tion uix, t) which is defined on the closure of the set C = Í (x, t) e Q ; 0 < x <

sit)\ and satisfies a uniform Lipschitz condition there, such that

(a) s m(t) —» s(t) uniformly on compact sets,

(b) s(t) satisfies the inequalities

(3.18) d<sit)<sm      (0<f<~)

and

(3.19) 0<s(/2)-s(í1)<M3(T)(/2-í1)7'    //0</j<f2 <T,

(c) if 8, e > 0, there exists an integer zzZg such that  Kg Ç Ch     and

|a mix, t) - uix, t)\ < e    for ix, t) e Kg
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whenever m > mQ,  where  Kg = l(x, t) e Q; 0 < x < sit)- S, 0< t < 8~x\.

Proof.   By (3.12) and (3.13), the family |s°(z)! is uniformly bounded and

equicontinuous on compact sets.   Hence, by the Arzela-Ascoli theorem together

with Cantor's diagonal process, a sequence h    —» 0 may be chosen so that (a)

holds,   (b) then follows immediately from (3.12) and (3.13).   It is also clear that

K* ? Q>     if m is sufficiently large.   For such m,  (3.14) and (3.16) imply that

u mix, t) satisfies a Lipschitz condition on  Kg with Lipschitz constant

max(Mn, M A.  Hence, by the Arzela-Ascoli theorem together with a diagonal

process, we may replace [h   1 with a subsequence, also denoted [h   i, such that

a m converges uniformly on each  Kg to a limit function a which satisfies a

Lipschitz condition on  Ug>QKg.    a may then be extended to the closure of C

while preserving the Lipschitz condition.

Lemma 8.   Let [s, al be as defined in Lemma 7.   Then u satisfies (1.2) in

C.   Also,  a satisfies (ii) of Definition 1.

Proof.   By the standard theory of weak solutions, if we prove that

(3.20) ffuL*cpdxdt = 0,    all <p e C^(C),

where  L   is the formal adjoint of L,  it will follow that a satisfies (1.2) in C,

together with (ii) of Definition 1.   To prove (3.20), let S > 0 and consider values

of h, T such that supp <f> Ç Kg O QT_h Ç Kg/2 Ç Cft and 2MÁT)hy < 8.  Then

¡¡iPÛcpdxdt = N¿ Jn(¡+ n* fl" iLuh)(f>dxdt
C 72 = 0

where N = [T/h], for Kg n [sn, oo) x [nh, in + l)h] = 0.  From (3.11) we obtain

ffuhL*d>dxdi
c

■"¿,/:-i,rmh%(.-i)-v..,(»-i)-H:i]*(->««
n = 0 L

= z £■ />„ - «n+1) ta+m (-i->(** H*

R = 0

+ EoIj;;.1vnjirm(B+i-->Ui)</'^
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where we set cp m 0 outside C.   Therefore,

\¡¡uhL*cpdxdt\(3.21) : l4SgoM0Tb max \<f>(\ + M^M^TW max \d>\.

Now set h = -b    with zz2 —» ».  Since u   —, u uniformly on supp cp the estimate

(3.21) implies (3.20).

Lemma 9.   Let \s, a! ¿ze as defined in Lemma 7.   Then (1.3)—(1.6) are satis-

fied.   Also, (1.7) z's satisfied in the sense that

(3.22) lim  uisit) -8,t) = xp'isit))      (0 < t < -).
8-0

Proof.   (1.3)—(1.5) are satisfied trivially since they are satisfied for each

a*.   To prove (1.6), let e > 0 be arbitrary, and let (x0, iQ) e C.   Choose h = hm

with m so large that (x0> iQ) e Ch and

|a(x0. i0) - a*(x0, ig)| + |x{Ash(10)) - ifÁsit0))\ < 2f/3.

Then

|a(x0, ig) - ^s(í0))| < |a*(x0, ig) - #s*00))| + 2e/3.

If ig = in + 0)i, 0 e [0, 1), and if m is so large that |x0 - s*(i0)| < 28 where

t5 = |s(i0)- x|t then

|«*(x0. l0) - ^sh(,0))\ < |B>) - &sn)\(l - d) + |a„+ t(x„) - 0(sn+ ^

+ \iPish(t0)) - (1 - 6>Wsn) - 00(sB+ ,)|

< -M4I(1 - fl)[|x0 - »J ♦ |**(/„) - sj] ♦ fl[|*0 - sn+ ,| + |s*(/0) - s„+ ,|]|

< M4[|x0 - sbU0)\ + 2(1 - Ô)|s*(<0) - ,J + 2ö|s*(/0) - sn+ J]

by (3.11) and Lemma 6, whence

|a*(xQ. i0) - ipisit0))\ < 2M4(S + M¿T)hy)    if 0 < rn < T.

If zzz is so large that 3Mj(T)(!)r < f, we obtain |a(xg, tQ)- <pisitQ))\ < e + 2M4S,

whence we conclude that

(3-23) |a(x0, i0) - ^s(ig))| < 2M4S.

In view of the continuity of a on C, this establishes (1.6).

In any compact subset of [0, s(iQ)), a (x, tQ) is defined and continuous if b

is sufficiently small.   By (3.15) and (3.16), these functions are uniformly bounded
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and equicontinuous there.   Hence, by restricting i to a subsequence of Ii   I,

we may arrange that uxix, tQ) —» uxix, tQ) uniformly on compact subsets.   By

(3.15), ux then satisfies a Lipschitz condition in the x-variable which is uniform

on C.   Hence, ux may be extended to dc via its tangential boundary limits.

Proceeding as above, we may derive an inequality similar to (3.23) which will

establish (3.22).

Lemma 10.   Let [s, u\ be as defined in Lemma 7.   Then

(a) s(t) is Lipschitz continuous for t > 0.

(b) // ux is defined on C as in the proof of Lemma 9, then u    is continuous

on C.   Moreover, (1.7) holds.

(c) a ,  and therefore a    ,  has a continuous extension to C - (0, 0).

Proof.   Since Lemmas 8 and 9 provide all the information required in the

proof of Lemma 1 and sit) is nondecreasing, we have sit) > d for 0 < z < oo.  If

tQ > 0, let £ = isitQ) - d)/2 and choose S > 0 such that sit) > d + e for tQ - 8 <

t<tQ + 8.   Let Cie) = inf^¿    [- L0(A(<f)] > 0.   Then, since Gishit)) satisfies

a Lipschitz condition with Lipschitz constant M2iT) on 0 < t < T, the same is

true of Gisit)) and we have

M2(T) >
Gisit)) - Gisit0))

>Cie)

t- tr

sit) - sitQ)

t~ tr

-JL_r
\t-tn\j>

s«Vi0)

('o - 8 ^ l ^ lo + s)

[-L0#f)]#

Hence,  \sit) - sitQ)\ < Cie)~XM2iT)it - tQ) itQ - 8 < t < tQ + 8) which proves (a).

Now a    and a   are in the class C ' ÍC) and therefore satisfy parabolic

equations in C.   By Lemma 9, a    has continuous tangential boundary values up

to the Lipschitz curve x = s(t).  But it is easy to show by the classical methods

of Gevrey [7] that a solution of a parabolic equation which has continuous tan-

gential boundary values up to a Lipschitz boundary curve x = s(t) is continuous

up to that curve.   The rest of (b) follows from standard facts.   To prove (c), let

b = b    with 772 —» » in (3.17).  We obtain
m

0 < (a(x, t + 8) - uix, t))/8 < MA\T)[isit) - x) + 8r]

for (x, t) e C with 0 < t < T.   Letting 5 — 0 yields  0 < a/x, t) < M¡ÍT)isit) - x)

in  C O QT.   Hence,  a   has tangential boundary values which vanish identically

on x = sit),  (c) now follows in the same way as (b).

We summarize the results of Lemmas 7-10 as
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Theorem 6.   Let (1.9) be satisfied.   Then there exists a solution Is, a| of

problem (1.2)—(1.7).   Moreover, if a is defined by (1.8), then a   aTia" û   are

Holder continuous except at the origin.

The last statement of the theorem is obvious.

Remark.   In view of the proof of Lemma 10(a), the assumption that (1.9) holds

for all x > d may be considerably weakened.   It is necessary only to suppose

that (1.9) holds for d < x < d + £ for some f > 0 and that (2.2) is satisfied.

Added in proof.   Since the submission of this paper, the author has learned of

two recent developments which should be mentioned here,   (i)   P. Van Moerbeke,

in a thesis written at The Rockefeller University, has solved an optimal stopping-

free boundary problem by treating an equivalent Volterra integral equation.   His

initial condition differs from our (1.5), and satisfies a compatibility assumption

which makes the free boundary curve turn out to be Lipschitz near   t « 0.   He

also treats a number of specific cases not covered by his general theorem,   (ii) A.

Bensoussan and J. L. Lions have discussed the equivalence of an optimal stop-

ping problem for a diffusion on   Rn with a parabolic variational inequality, which

is a weak formulation of the minimum problem in our Theorem 1.   They prove exis-

tence, uniqueness, etc. for the latter problem.
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